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Abstract 

We verify, for each odd prime p < 1000, a conjecture of W. McCallum and 
the author's on the surjectivity of pairings on p-units constructed out of the cup 
product on the first Galois cohomology group of the maximal unramified outside 
p extension of Q(//p) with /ip-coefficients. In the course of the proof, we relate 
several Iwasawa-theoretic and Hida-theoretic objects. In particular, we construct 
a canonical isomorphism between an Eisenstein ideal modulo its square and the 
second graded piece in an augmentation filtration of a classical Iwasawa module 
over an abelian pro-p Kummer extension of the cyclotomic Zp-extension of an 
abelian field. This Kummer extension arises from the Galois representation on an 
inverse limit of ordinary parts of first cohomology groups of modular curves that 
was considered by M. Ohta in order to give another proof of the Iwasawa Main 
Conjecture in the spirit of that of B. Mazur and A. Wiles. In turn, we relate the 
Iwasawa module over the Kummer extension to the quotient of the tensor product 
of the classical cyclotomic Iwasawa module and the Galois group of the Kummer 
extension by the image of a certain reciprocity map that is constructed out of an 
inverse limit of cup products up the cyclotomic tower. We give an application to 
the structure of the Selmer groups of Ohta's modular representation taken modulo 
the Eisenstein ideal. 



1 Introduction 

The central object of our study is, for an odd prime p, the cup product in the cohomology 
of the Galois group Q of the maximal pro-p unramified outside p extension of F = Q(/ip) 
with /ip-coefficients, 

H\g,^^,)®H\g,^^,)^H\g,^^f). 

This cup product is well known to describe the structure of Q modulo the closed normal 
subgroup generated by pth powers and triple commutators. Moreover, it provides a 
useful first object in the study of Iwasawa theory over metabelian pro-p unramified 
outside p extensions of F, as detailed in |Sh2] and Section HI 

Via Kummer theory, the cup product induces a pairing on the p-units £p of F, 
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where Ap denotes the p-part of the class group of F. In |McSj . W. McCallum and 
the author studied this pairing in detaiL For p satisfying Vandiver's Conjecture, which 
states that Ap equals its (— l)-eigenspace Ap under complex conjugation, we conjectured 
that the image of the pairing ( ■ , ■ ) generates Ap /ip jMcSj Conjecture 5.3]. Denoting 
the projection of (■, ■) to A^ ® /ip by ( ■ , ■ )~, we state the obvious unconditional 
strengthening of that conjecture. 

Conjecture 1.1 (McCallum-Sharifi). The image of the pairing ( ■ , ■ )~ generates Ap ® 

In fact, the author expects that ( ■ , ■ )~ is itself always surjective. As described in 
[McS] . a positive solution of this conjecture has numerous applications: among others, to 
R. Greenberg's pseudo-nullity conjecture in Iwasawa theory, to products in i^^-groups of 
cyclotomic integer rings, and to Y. Ihara's pro-p Lie algebra arising from the outer rep- 
resentation of Galois on the pro-p fundamental group of the projective line minus three 
points. In this paper, we focus instead on a relationship between the structure of certain 
Iwasawa modules over Kummer extensions and the structure of ordinary Hecke algebras 
of modular forms localized at the Eisenstein ideal. It is this intriguing relationship that 
enables us to prove the following result. 

Theorem 1.2. The pairing {■ , ■) is surjective forp < 1000. 

The cup product pairing has the property that {x,l — x) = if x and 1 — x are both 
p-units in F. By imposing relations arising from this fact, McCallum and the author 
were able to compute a unique nontrivial possibility, up to scalar, for each projection of 
( ■ , ■ ) to a nontrivial A = Gal(F/Q)-eigenspace of Ap for allp < 10,000 (now completed 
for p < 25,000). Therefore, we have a complete computation of the pairing ( ■ , ■ ) up to 
a unit in (Z/pZ)[A] for all p < 1000. 

Our method of proof, while given in the context of Iwasawa and Hida theory, is 
in the spirit of K. Ribet's proof of the converse of Herbrand's theorem [Ri]. We now 
describe the basic idea at the finite level, first recalling Ribet's work and then explaining 
our extension of it. Let u denote the Teichmiiller character. If p divides the Bernoulli 
number Bk for some even k less than p, then there is a congruence between a weight 
2, level p, and character uj^'"^ Eisenstein series and a cuspidal eigenform / of the same 
weight, level, and character at a prime p above p in the ring of coefficients of /. Ribet 
showed that the fixed field of the kernel of the Galois representation pf attached to / on 
Gp contains a nontrivial unramified elementary abelian p-extension H oi F such that 
Gal{H/F) has an co'^~'^-action of A. In fact, H is fixed by the kernel of the action of Gp 
on a choice of lattice for pf modulo p. 

For our construction, we assume that p does not divide the Bernoulli number Bp^i_k 
and, for simplicity of this description, that does not divide 5^. We find a metabelian 
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extension M of F in the fixed field of the kernel of , the arithmetic of which determines 
the nontriviality of a certain value of the cup product. Unlike H, the field M cannot be 
found in the fixed field of the representation on a lattice modulo p. To find it, we pass 
to a larger quotient of a lattice by a sublattice intermediate between those determined 
by p and p^ (see Section [3]). As an extension of F, the field M has maximal abelian 
subextension equal to the compositum HE of H and a degree p unramified outside p 
extension E = F(r]^^P) (with 77 G Ep) of F that has an a;'^~^-action of A. Over HE, 
the field M is an unramified elementary abelian p-extension. We show that if no prime 
above p splits completely in M/ HE, then (p, rf) does not vanish. To show that no prime 
above p splits completely in M/ HE is equivalent to showing that the pth coefficient of 
/ is not 1 modulo p^ (for some / as above), which is computable. 

We will consider a rather general set of abelian fields and Dirichlet characters in this 
article, but let us continue to describe the situation over K = Q(/ipoo) here. Let Xk 
denote the Galois group of the maximal unramified abelian pro-p extension of K. The 
Iwasawa Main Conjecture states that the a;^~'^-eigenspace of has characteristic ideal 
generated by a p-adic power series determined by Lp{uj^,s). This conjecture was first 
proven by B. Mazur and A. Wiles in pW] via a study of the action of the absolute 
Galois group on "good" quotients of the Jacobians of certain modular curves. The basic 
idea of their proof is the same as that for Ribet's theorem, but the proof is vastly more 
involved. A similar but slightly more streamlined proof was given more recently by 
M. Ohta |U3j using Hida theory (see also |Wij ). Ohta's proof extends methods of M. 
Kurihara |Ku] and G. Harder and R. Pink |HPj . who developed the analogue of Ribet's 
work in the more technical setting of level one modular forms. It is Ohta's work that 
we shall call upon in this paper. 

We study the action of the absolute Galois group Gq on an Eisenstein component X of 
a particular inverse limit of cohomology groups of modular curves previously considered 
by Ohta |05j (see Section [2] for the precise definition). Define f) to be the localization of 
Hida's ordinary cuspidal Hecke algebra at the maximal ideal containing the Eisenstein 
ideal X with character u''. Then X is an fj-module. If p divides but not Bp+i_k, Ohta 
showed that X is free of rank 2 over (). The fixed field of the kernel of the representation 
p: Gq Aut(,X contains a certain abelian pro-p extension L oi K that is unramified 
outside p and totally ramified above p. We can consider Xl, the Galois group of the 
maximal unramified abelian pro-p extension of L, and its filtration by powers of the 
augmentation ideal Iq in Zp[[G]], where G = GaA{L/K). 

Using the representation p, we exhibit a canonical isomorphism between the group 
of Gal(-ft'/Q)-coinvariants of IgXl/ IqXl and the Eisenstein ideal X modulo its square 
(Theorem 13.51) . Under this isomorphism, the Frobenius element on the Galois side is 
identified with Up — Ion the Hecke side. This yields that the corresponding subquotient 
of the Galois group Yl of the maximal unramified abelian pro-p extension of L in which 
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all primes above p split completely is isomorphic to I/I^ modulo the pro-p subgroup 
generated hj Up — 1 (Theorem 13.61) . The structure of these latter subquotients can be 
seen to relate to the ^^"'^-eigenspace of the quotient of the classical Iwasawa module 
Xk by the submodule generated by an inverse limit of cup products up the cyclotomic 
tower. (The precise result, Corollary 15. ![ involves a certain reciprocity map constructed 
out of this inverse hmit of cup products in Section HI) In particular, supposing p does 
not simultaneously divide B^. and i?p+i_fc for any even k < p, we prove that (p, ■ ) is 
surjective if and only if f/p — 1 generates X for each k (Theorem 15. 6p . Thus, to obtain 
the surjectivity in Theorem 11.21 we verify the latter condition for all p < 1000. Note 
that we do not conjecture that pairing with p is itself always surjective, nor that Up — 1 
always generates X. 

In Section [6l we give a short discussion of the computation of certain Selmer groups 
of Hida representations taken modulo the Eisenstein ideal that is made possible by the 
isomorphisms of Theorems 13.51 and 13.61 

In forthcoming work, we will discuss an as-yet-conjectural relationship between 
{rji,rjk_i) for special cyclotomic p-units r/j and odd integers i (see |McS[ Section 5]), 
and Lp(/, 1), which may be viewed as an element of p, modulo p^. Here, / and 
p are as before (and again, for simplicity, p^ \ Bk). In this setting, we have p = r]i, 
and Lp{f, 1) is explicitly related to Up — 1 by [Kil Theorem 4.8]. Conjecture II. II may be 
reinterpreted as the statement that the images of these p-adic L- values generate p/p^ 
for each k. Theorems 15.21 and 15.61 serve as the first pieces of theoretical evidence for this 
more powerful conjecture. This conjecture suggests that the cup product pairing is only 
mildly degenerate, which is supported by the numerical evidence of |McSt Theorem 5.1]. 

Acknowledgments. The author thanks Sasha Goncharov, Dick Gross, Manfred Kolster, 
Barry Mazur, and Bill McCallum for helpful conversations and encouragement. He also 
thanks Yoshitaka Hachimori and Barry Mazur for comments on and corrections to drafts 
of the paper. 

This material is based upon work supported by the National Science Foundation 
under Grant No. DMS-0102016 and the Natural Sciences and Engineering Research 
Council of Canada. This research was undertaken, in part, thanks to funding from 
Harvard University, the Max Planck Institute for Mathematics, and the Canada Research 
Chairs Program. 

2 Preliminaries 

We begin by describing the ordinary Hecke algebras of Hida, which Hida defined and 
studied in a series of papers (e.g., |Hll IH2j ). Let p > 5 be a prime number, and let N 
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be a positive integer prime to p. The ordinary Hecke algebras parameterize ordinary 
modular forms of all weights and all levels Np"^ with r > 1. Let us very briefly recall 
one definition of these Hecke algebras here. 

Let Mk{Ti{Np'^)) denote the space of modular forms over C of level Np"^ and weight 
k>2, and let Sjki^i{Np'')) denote the Hecke subalgebra over Z of Endc Mk{Ti{Np'')). 
We have natural maps 

For any commutative ring R with 1, we have a Hecke algebra 

S){N; R) = lim(f)fc(ri(iVp^)) ®z R) 

r>l 

in the inverse limit, and the Hecke operators in this inverse limit are the inverse limit of 
the Hecke operators at finite level. We may repeat this construction with Mk{ri{Np^)) 
replaced by SkiTi{Np^)), the space of cusp forms of weight k and level Np^ over C. We 
obtain Hecke algebras denoted i)k(Xi{Np'^)) and i){N;R). 
Set 

Zp^N = limZ/^ATZ. 

r 

If O is a Zp-algebra, then S){N; O) and f)(A^; O) are algebras over C[[Zp jy]] via the action 
of the inverse limits of diamond operators. Let [x] G (9[[Zp^]] denote the group element 
associated to x G Z^ ^. We use T; for / \ Np and Ui for / | Np to denote the usual Hecke 
operators for prime / in these algebras. 

Denote by H^{N]0) the inverse limit of the cohomology groups H^{Yi{Np^'),0), 
where Yi{Np^) is the usual modular curve of level Np^'. The "ordinary parts" of these 
cohomology groups (i.e., the summands upon which Up acts invertibly) were studied by 
Ohta in a series of works |01j - |05j . and the rest of this section is a partial summary of 
his results. 

Remark. Following Ohta [02j . we consider the action of S^{N;0) on H^{N;0) which 
arises as the inverse limit of the actions of its Hecke operators dual under Weil pairings 
to the usual actions at each level Np''. However, we do not give the Hecke operators 
acting in this manner a separate notation (e.g., T(Z)*), since it is the only action on 
H^{N; O) we shall use. We also use the original Z^ ^-action of Hida |Hll p. 552], which 
is to say that the Z^ jy-action of Ohta [Oil Section 2.1] on the Hecke algebra $^{N; O) is 
a twist of ours by multiplication by For any prime / not dividing Np, the operator 
T(/, /) of Hida satisfies [/] = l'^T{l, I) in our notation. 

From now on, we fix a nontrivial even Dirichlet character 6: {Z/NpZy Qp of 
conductor or Np. We let O be the ring generated over Zp by the values of 0. Let 
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uj\ — Zp denote the natural Dirichlet (Teichmiiller) character factoring through 
(Z/pZ)^. Let x: Ti^j^ Z^ denote the natural projection, and let k = x^~^- We will 
view K, X, uj, and 6 alternatively as characters Gq —>■ . For any Dirichlet character 
ip, we let Bi^^ denote the associated (first) generalized Bernoulli number. 
The following conditions are employed by Ohta in his work. 

Hypothesis 1. We shall make the following assumptions: 

a. p\lp{N), where if denotes the Euler-phi function, 

b- 6'|(Z/pZ)x 7^ t^|(Z/pZ)X; 

c- 6'|(z/pz)x 7^ i^^|{z/pz)x , 
d- p I Bifi^-i, 
e- p\ Bi^^g-i. 

Remark. If = 1, then Hypothesis [T] reduces to parts d and e. 

The Eisenstein ideal 3g{N; O) (resp., 1b{N\ O)) for the character 9 is defined to be 
the ideal of S){N;0) (resp., ^{N]0)) generated by - 1 - and [/] - ^(/)[k(/)] 

for / \ Np, along with Ui — 1 for I \ Np. Note that Hypothesis [1^ implies that O is 
unramified over Zp. So, let 9Jl (resp., m) be the maximal ideal of Sj{N; O) containing 
Je(A^; O) (resp., the maximal ideal of \){N] O) containing Tg{N] O)). 

We let = Sj{N;0)<j}i, the localization of 9j{N;0) at 971, and similarly, we let 
t) = i){N;0),n- Let 3 (resp., X) denote the image of 3g{N;0) (resp., Ig{N;0)) in 

(resp., [)). The Hecke algebras Sj and f) have 6'-actions of the diamond operators 
in (Z/NpZ)^. We define Af, to be the Zp-subalgebra Zp[[l + pZp]] of f) topologically 
generated by the (images of the) diamond operators in f), and we may identify this with 
the power series ring Zp[[T]] by identifying [1 +p] — 1 and T. We have an isomorphism 
of Hecke Af,-modules 

[)/J-A^/(^7e), 

where gei{l + pY - 1) = Lp{e, 1 - s) for all s G Zp [04, Corollary A.2.4]. 

Let X = H^{N; O) f), which is both a Gq and an [)-module. Fix a decomposition 
group Dp and its inertia subgroup Ip at p inside the absolute Galois group Gq of Q. 
Define to be the Z)p-module X^*". (Propositions 1.2.8 and 1.3.6 of |03] together imply 
that X"*" is Dp-stable.) Pick a cyclic subgroup Ap of Ip having order p — 1 and on which uj 
is injective. We let X~ be the Zp-submodule of X upon which Ap acts by 6~^uj. We have 
a direct sum decomposition X = X"*" © X~ of P)-modules (as in [021 (5.3.5)]). Ohta |05[ 
Theorem 3.3.2] showed that our hypotheses, particularly Hypothesis [T^, imply that 
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is Gorenstein (which also follows from previous work of C. Skinner and A. Wiles [S Wj ) . 
From this, one obtains that and X~ are free f)-modules of rank 1 [05_j Section 3.4]. 
Let 

P:Gq^ Aut(,(X) 

denote the Galois representation on X. The fixed field of the kernel of p is unramified 
over Q outside of the primes dividing Np. We have 

detp{a)=9{a)-\{aMa)-']ei). 

We have four maps on Gq called a, b, c, and d, with 

a{(r) G End(,(X-), b{a) G Homf,(X+, X~), 

c{a) G Hom^(X-,X+), and d{a) G Endf,(X+) 



for a G Gq, such that we may represent p in matrix form as 



a(a) b(a) 
c(a) d{a) 



We remark that for a G /p, we have 



detp{a) 
c(a) 1 



and p is lower-triangular on an element of a decomposition group Dp containing Ip. 

Note that we have canonical isomorphisms Endf,(X^) = f) and noncanonical isomor- 
phisms Hom(,(X^,X^) = i) given by choices of generators of and X~, which we fix. 
With these identifications, let B and C denote the ideals of f) generated by the images of 
b and c, respectively, under these isomorphisms. Ohta [051 Section 3.4] used the above- 
mentioned freeness of X^ to show that B = T and C = \) using a method developed by 
Harder-Pink |HPj and Kurihara [Kuj for level 1 modular forms. 

Let F be the fixed field of the kernel of 9 on G'q(^p). Let K denote the cyclotomic 
Zp-extension of F. Consider the maps 

a: Gq ^ {[)/lY and 6: Gq ^ B/IB 

given by following a and b by the obvious projections. The fixed field of the kernel of 

d = det p (mod T) 

(see |03t Lemma 3.3.5]) on Gq(^p) is K. We have a homomorphism 

0B:GQ^fi/Jfix(^)/J)^ 
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the semi-direct product taken with respect to the natural action, which we can represent 
in matrix form as 

= ( ) 

for a G Gq. Let H denote the fixed field of the kernel of (pB on Gp- 

Let r = Ga\{K/F), let f = Gal(/s:/Q), let A = 0[[r]], and let A = 0[[V]]. Let 

A = Gal(F/Q), and let A = Gal(Q(yUp)/Q). Note that ^5 ^5 and uj induce characters 

on r, r, A, and A, respectively. We make an identification A = 0[[f/]] for U = 7 — 1, 

where 7 G F satisfies xil) = 1 + 

Let A be a Zp[[r]] -module. Given a character if): K ^ Qp , we let A^"^^ denote the 

V'-eigenspace of A. That is, if we let denote the ring generated by the values of ip 

over Zp, then 

A^*^) = A (g)2^[^] R^'^ {ae A R^\5a = ilj{6)a for all 6 G A}, 

where the map Zp[A] R^ in the tensor product is the surjection induced by ip. We 
remark that A^'^^ has the structure of a -R^[[r]]-module. In Appendix |Xl we discuss the 
decomposition of Zp[A]-modules and tensor products of such modules into eigenspaces. 

Let Xk denote the Galois group of the maximal unramified abelian pro-p exten- 
sion of K. Ohta proved the following result on the structure of its (to'6'~^)-eigenspace. 
Though the proof we mention here uses the Iwasawa main conjecture, Ohta also proved 
it independently in order to obtain another proof of the Iwasawa main conjecture (for 
P > 5). 

Theorem 2.1 (Ohta). The extension H/K is unramified everywhere and Ga\{H / K) = 
X^^ \ Furthermore, b induces a canonical isomorphism 

of K-modules in which the Galois action on B/XB is given by a. In particular, B /IB 
has characteristic ideal (ge) as a Ai^-module. 

Proof. The first two sentences follow from |03t Theorem 3.3.12]. Let /e G A satisfy 

fei{l+pr~l) = L,{9,s) 

for s G Zp. The Iwasawa main conjecture, as first proven in jMW] . states that x'^^''^ 
has characteristic ideal {fe{U)) as a A-module. Thus, to verify the final sentence, we 
need merely note that 0(7) = (l-|-p)[l-|-p]~-'^ and ge^^l+pY — 1) = fe^^l+pY'^ — 1). □ 
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3 The Galois Representation 



In this section, we study the maps 

c-.Gq^ C/IC and d: Gq ^ {ij/^Y 

arising from c and d by projection. The fixed field of c of Gk contains a pro-p abehan 
extension L of K unramified outside and totally ramified at primes above p, with Galois 
group G. The image of d is contained in 1+X |03t Lemma 3.3.5]. We show that d—1 sets 
up a canonical isomorphism between {IgXl/ IqXi)^ and X/X^, where Xi denotes the 
Galois group of the maximal unramified abelian pro-p extension of L. If we replace Xl 
by its maximal quotient Yl in which all primes above p split completely, then we obtain 
an isomorphism with the quotient of X/X^ by the image of the pro-p group generated 
by f/p - 1. 

For any algebraic extension of Q, we let denote the set of primes above p 
and any real infinite places, and we let Ge,s denote the Galois group of the maximal 
unramified outside Se extension of E. 

Lemma 3.1. The K-module xj^"^ ■* is trivial, and xj^^ is free of finite rank over O . 

Proof. Since 9 is even, both xj^'^ -* and xj^^ ^ have no finite A-submodules (see |Wat 
Proposition 13.28]). Furthermore, they both have trivial /x-invariant by [FW] , and there- 
fore they are both free of finite rank over O. Hypothesis [1^ (together with a, b, and 
c) implies that the p-adic power series associated to Lpioj'^O'^ , s) is a unit (see |Wat 
Theorem 5.11]). Iwasawa's Main Conjecture then forces x]^" to be finite, hence 
trivial. □ 

Now, let us consider the homomorphism (pc'- Gq —>■ C/IC x (f)/X)^ that is defined 
by its matrix representation 

^ ( : ) (3.1) 

(or, equivalently, by the action of Gq on X/XX). Let L denote the fixed field of the 
kernel of (j)c on Gp, and let G = Gal{L/K). We remark that G = G^^'^'^\ which gives 
G the structure of a A-module. 

For E/K, let Ze denote the Galois group of the maximal abelian pro-p unramified 
outside p extension of E. We shall require the following lemma. 

Lemma 3.2. The group X)^ has no O[\r'\\-suhmodule isomorphic to 0{—\) for any 
nontrivial subgroup V ofV. 
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Proof. Let Kn = F{fipn) for n > 1, and let A^,, denote the p-part of the class group of 
Kn- We have a canonical exact sequence of Zp[Gal(-ft'„/Q)]-modules: 

^ ® jJpn H\Gk„,S, l^pn) /ip" ^ /ip" ^ 0. (3.2) 

Taking inverse limits, we obtain a canonical injection 

Xi^'-'\l) ^ luaH\GK„,s,l^PY-''''^ (3.3) 

(that is an isomorphism under Hypothesis [T]d). The group of Gal(ii'/i^„)-coinvariants of 
the latter term of (13. 3p is isomorphic to the (ct;^6'~^)-eigenspace of H'^{GKn,s, Zp(2)), as 
Gp^s has p-cohomological dimension 2. Since uj'^6~^ is even, we may replace with its 
maximal totally real subfield Kl^, and H'^{Gj^+ g, Zp(2)) is finite by a well-known result 
of C. Soule [So], as desired. □ 

Note that Lemma [3^2] may be stated equivalently as saying that fe{U) is not divisible 
by any nontrivial divisor of {{U + 1)^" — (1 +p)^^") for any n. We are now able to prove 
the following lemma on the representation (pc- 

Lemma 3.3. The extension L/K is unramified outside p and totally ramified at all 
primes above p in K. The map c induces an isomorphism G = C /IC of A-modules, 
the action oft on G/IG being given by . We also have C/IC = A^/{ggiT)) as 
Afj-modules. 

Proof. The statement that G = C/IC follows as in [021 p. 298], the statement on the 
action is obvious, and the final statement is also obvious as C = f). Note that we therefore 
have an isomorphism G = A/{fg{U)) of A-modules, where fgiU) = fe{{U + 1)^^ — 1). 

As for the first statement, we note that if f is a prime of K lying above N, the inertia 
group It, of f in G cannot be finite and nontrivial, as the A-submodule generated by 1^ 
would then be finite (as the set of primes of K above is finite) and therefore trivial. On 
the other hand, any ramification at v is tame, so if 1^ is infinite, it must be isomorphic 
to Zp(l) as a module over Zp[[r']] for some subgroup F' < F of finite index. This would 
imply that /g (f/) shares a nontrivial common divisor with {U + 1)^" — (1 +p)^" for some 
n, which is not the case by Lemma [3.2[ Hence, we see that L/K is unramified outside 
p. That L/K is totally ramified at primes above p now follows from Lemma [3?T] and the 
fact that G has a {6uj~^)-action of A. □ 

For any algebraic extension E of K, let Xe denote the Galois group of the maximal 
unramified abelian pro-p extension of E, and let Ye denote the maximal quotient of Xe 
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in which all primes above p split completely. Let Iq denote the augmentation ideal in 
Zp[[G]]. We have a canonical isomorphism G = Iq/ Iq of Zp[[r]] -modules by cr i— cr — 1 
(and hence of A-modules, as G has the structure of an (9-module). 

From now on, we assume the following strengthening of Hypothesis [TJd. 

Hypothesis 2. We have that 6'^|(z/pZ)x 7^ t^^|(z/pz)x- 

Remark. In fact, it would suffice in what follows to assume that 9"^ and uo'^ do not agree 
on Dp. If = 1, then Hypothesis [2] holds automatically. 

Lemma 3.4. The canonical maps in the following commutative diagram are all A- 
isomorphisms: 

I i 

Proof. For v E Sk, let G^ denote the decomposition group at v in G, let D'^ denote the 
decomposition group at v in Xl/IgXl, and let denote the decomposition group at v 
in Xx- Since, by Lemma [3. 3[ we know that L/K is unramified outside p and has trivial 
maximal unramified subextension, we have a commutative diagram with exact rows and 
columns: 

i i 

Xl/IgXl > Xk > 

i i 
Yl/IgYl > Yk > 

i i 


Note that A does not permute the primes in Sk- Furthermore, each has a trivial 
action of A, as it is the Galois group of an unramified local extension and the restriction 
of uj9~^ to A is not the identity by Hypothesis [TJj. Therefore, the direct sum of the 
has trivial (ti;^^^)-eigenspace. The same holds for the direct sum of the D'^. 

It now suffices to show that the (c<j6'~^)-eigenspace of the kernel /C of Yl/ IgYl Yk 
is trivial. For this, consider the following commutative diagram with exact columns and 
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exact rows aside from the first, which is a complex: 



— >0 



-^0 
-^0 



i i 
(e.«,-ffi(Gi.,z,))g — >(Zt)G- 

i i 

i i 

i i 



(Note that H2{G, Zp) is isomorphic to the wedge product over Zp of two copies of G.) 
Since = G for each v G Sk, we have that the corestriction map j is surjective. By 
a diagram chase, it remains only to show that the (a;6'"^)-eigenspace of 0^g5^ G^ is 
trivial. For this, we remark as before that its summands are not permuted by A. Since 
G ^ Hypothesis E] implies that the Zp[A] -eigenspace of G„ determined by the 

restriction of u!6~^ is trivial. 

We now study the homomorphism on Gq to formal matrices defined as 



□ 



a{a) 6(cr) 
c(cr) d{a) 



for a G Gq. That is, consider the set 



Af 



a 13 
7 5 



a e (^)/X)^ p e I/I\ 7 e and 6 e ([)/J' 



2\x 



which we observe forms a group under the usual multiplication of matrices. More specif- 
ically, for 6 E ([)/X^)^, we let 6 denote its image in (f)/X)^, and we view and X/X^ 
as l)/X-modules under multiplication. Our multiplication is: 



a (3 
7 6 



a' (3' 
i 5' 



aa' a(3' + 6' (3 



Then (pu is the homomorphism given by following p with the projection from the image 
of p in GL2(f)) to A/", noting again here that B = I. 
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Let M denote the fixed field of the kernel of on Gp. Although we do not need it, 
we note that we may use 0d to form a new homomorphism ipo, represented in matrix 
form as 

/ 1 c{a) d{a) - 1 
^ljD{<y) = a{<j) b{a) 
\ 1 

for a e Cq, which perhaps gives one a better feeling for the structure of the Galois 
group Gal(M/ Q) . In particular, we may view M as a Heisenberg extension of K. We 
have a field diagram: 

M 




We remark that G = C/XC has an a~^-action of f , hence a (^a;~^)-action of A, as 
opposed to the a-action of T (resp., (a;^~^)-action of A) on Gal{H/K) = B/XB. Since 
M/H and M/L are abelian, Gel{M/HL) too has an action of F, but this action is seen 
to be trivial from the matrix representation. 

Theorem 3.5. The extension M/HL is unramified everywhere, and 

Gal{M/HL) ^ {IgXl/IIXl)^. 
The map d — 1 induces a canonical isomorphism of Tip-modules 

{IgXl/IIXl)^ ^ 1/X\ 
Proof. Note the following equahty in 

d{aT) - 1 = c(a)6(r) + d{a)d{T) - 1 = c(cT)6(r) + {d{a) - 1) + ((i(r) - 1) 
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for cr, r G Gq. One easily computes that, for a G Gh and r G G^, we have 

J([a,r])-l = c(a)6(r). 

Since i? = X, C = t), and b and c are surjective on Gl and G//, respectively, the group 
P = Gal(M/ifL) is seen to be equal to the commutator subgroup of Gal{M/K), and 
d — 1 induces a canonical isomorphism 

P ^ (3.4) 

Now, note that M is an abelian pro-p extension of HL which is unramified outside 
the primes dividing A^. Furthermore, the completion of HL at a prime w above N is 
the unique unramified Zp-extension of the completion of F at this prime. If the inertia 
group P^o of w in P is infinite, then, as the ramification at w is tame, it is isomorphic to 
Zp(l) as a module over Zp[[r']] for some subgroup F' < F of finite index. However, this 
is impossible as P has a trivial F-action. Hence, P^ must be finite. However, since P is 
isomorphic to xj^^ ■* as a pro-p group by Theorem 12.11 and (13. 4p . the second statement 
of Lemma [3.11 forces P^ to be zero. Hence, M/ HL is everywhere unramified. 

We have now exhibited a surjection 

{IgXlHIXl)^ ^ P (3.5) 

Combining (13. 4p and (13.51) and noting Lemma IA.31 we have a natural commutative 
diagram of Zp[[r]]-modules: 

Ig/II ®o {Xl/IgXlY^'-'^ » {IgXlIIIXl)^ (3.6) 

C/IC ®o B/IB » J/T^. 

In fact, the lower horizontal map in ( 13.60 factors through the tensor product over f). 
Of course, since C = i) and P = X, we have that the map 

C/IC ®f, B/IB I/I^ (3.7) 

is an isomorphism. As the Gq-action on B/IB is given by d and on C/IC by d^^, it is 
easy to see that 

C/IC ®^ B/IB = {C/IC ®o B/IB)f. 
Thus, the right vertical arrow in the diagram ( 13.60 is also an isomorphism. □ 
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Theorem 3.6. Let V denote the Tip-span of Up — 1 in X. Then the map d — 1 induces 
an isomorphism 

of Tip-modules. 

Proof. We know from Theorem 13.51 that Xl/IqXl has a Zp[[Gal(L/Q)]]-quotient Z = 
Gal(M/L) and, therefore, also a quotient Z', which fit into a commutative diagram with 
exact rows 

> {IgXl/IIXl)^ > Z > {Xl/IgXlY^'-') > (3.8) 

> {laYL/PaYLh > Z' > {YJ IgYl)^-'-'^ > 0. 

Let p be a prime above p in K. We know that L/K is totally ramified at p by Lemma 
13.31 so there is a unique prime ^ above p in L. Since X^/IqXl is abelian, there is a 
unique decomposition group Dp at ^ in this Galois group. By Lemma [3^ the image Dp 
of Dp in Z is contained in {IgXl/ IqXl)^.. Since F acts trivially on the latter module, 
we have that D = Dp is the unique decomposition group above p in Z. 
We claim that D is equal to the kernel of the surjection 

{lGXL/llXL)t {IgYJIIYl)^. 

To see this, note that the kernel of the map Xl/I^Xl Yl/I^Yl is the product of the 
Dp, and hence the kernel of IgX^/ IqXl IgYl/ IqYl is the intersection of this product 
with IgXl/ IqXl. Now we know that the projection of this product to Z is simply D, 
and this is the entire kernel of the map Z ^ Z' hj (13.81) and the Snake Lemma applied 
to the diagram 

> Ig{Ig + It)XJIIXl > IgXl/PgXl > {IgXl/IIXl)^ > 

> Ig{Ig + h)YLlIlYL > IgYl/IIYl > (/gIl//^ r^)^ , o. 

Hence, 

{lGYjllYL)t = {lGXL/pGXL)t/D. 

On the other hand, the map ci is a homomorphism on our fixed decomposition group 
Dp in Gq which has image Up on the inverse of a Frobenius at p [04:[ Theorem 3.4.2] 
(using Hypothesis [T]:) . Since [F : Q] is prime to p and L/F is totally ramified at primes 
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above p, a prime-to-p power of this Frobenius is contained in DpCiGL. Also, we have seen 
that the image of Dp fl Gl in Z is simply D. By Theorem 13. 5[ we obtain immediately 
that 

(/GXi//2Xi)f/5= J/(V + J2), 
finishing the proof. □ 

The following example illustrates what occurs in a case in which the class group of 
F has p-rank 1. 

Example. Consider the case of the smallest irregular prime, p = 37, which divides the 
Bernoulli number S32. Let = 1 and 6 = u^'^. Here, Xk is its own Ci;~^^-eigenspace, 
and 

Ga\{H/K) ^Xk = Yk = Z37(1 - k) 

for some k = 32 mod 36 (inside Z37 x Z/36Z). We have G = Gal{L/K) = Z^-j^k - 
1). Both H and L are generated by cyclotomic 37-units. For instance, the degree 37 
subextension of L/if is generated by the 37th root of 

36 

.(=n(i-&r. 

i=l 

where C37 is a primitive 37th root of 1. 
Theorem 13.51 implies 

G ®z,r Xk = Ig/Ig ®z,r Xl/IgXl = IgXl/PgXl = Z37 

as A-modules, and the Galois group IgXl/ IqXi is the commutator subgroup of the 
Galois group of the extension it defines over K. It turns out that f/37 — 1 generates T, 
so IgXl/ IqXl is generated by any Frobenius at 37. In other words, IgYl/ IqYl = 
and M = HL. As we shall see in Theorem 15.61 this also forces the nontriviality of a cup 
product pairing at the level of F on the 37-units 37 and 1]. 

4 Cup products 

In this section, we shall work in a somewhat more abstract setting and construct what 
we refer to as the S'-reciprocity map for an abelian p-power Kummer extension of number 
fields, which specializes to local reciprocity maps at primes in a fixed set S containing 
the primes above p and those which ramify. The S'-reciprocity map is constructed out of 
cup products in Galois cohomology with ramification restricted to S and coefficients in 
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p-power roots of unity. It allows us to give a description of the second graded quotient in 
the augmentation filtration of the Galois group of the maximal unramified abelian pro-p 
completely split above p extension of an S'-ramified Kummer extension of a cyclotomic 
Zp-extension of a number field. 

In this section, let p be any prime number, and, for the time being, let F be any 
number field containing the p"^th roots of unity for some m > 1. Let S be any finite set 
of primes of F containing those above p and any real places. For any finite extension E 
of F, let Se denote the set of primes of E consisting of the primes above those in S, let 
Ae,s denote the p-part of the S'^j-class group of E (and similarly for any extension of F). 
We let Ge,s denote the Galois group of the maximal extension of E unramified outside 
Se- Write Oe and Oe,s for the ring of integers and S'£;-integers of E, respectively. Write 
Bts{E) for the S'£;-part of the Brauer group of E. In most of the rest of the notation, 
the set S will be understood. We write £e for the group of S'£;-units ^ in E. 

We recall the following exact sequences for GiT'^s-cohomology groups: 

^ Sp/Sf ^ H\Gf,s,1^p^) ^ AF,s\pn ^ (4.1) 

and 

^ Ae^s/p"" H\GE,s,f^p-) ^ Br5(F)[j9'"] ^ 0. (4.2) 

By Kummer theory and fl4.ll) . the cohomology group H^{Gf,s, /^p'") is isomorphic to the 
subgroup Bm.F of E^ / F^^"^ consisting of reductions of elements a G -F^ with fractional 
ideal aOF,s a p^th power. We will consider the pairing 

( ■ , ■ )m,F : Bm,F X ^m,F H'^{Gf,S, /^p™) 

obtained by cup product on H^{Gf,s, IJ"p"^)- 

Let T be any subgroup of Bm,F that is free over Ti/p^T^. Let E denote the field 
defined over F by p™th roots of lifts of the elements of T, and let Q = Gal{E/F). 
Kummer theory provides a canonical isomorphism 

Q ^ Hom(T, /ipm), d t-^ (a t-^ — , (4.3) 

where for a G T, we use a to denote a p^th root of a lift of a. Let Iq denote the 
augmentation ideal of Zp[Q]. We have that Q = Iq / Iq in the usual manner, a t— a — 1. 
Tensoring 04.31) with H^{Gf,s, /^p™) and applying the inverse of the resulting map to the 
homomorphism 

a {a,b)m,F 

for a G T and a fixed b G £f/^f (fo^ instance), we obtain an element of 

Iq/II(^H\Gf,s,I^p^)- 
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By varying b and lifting to Sp, we have therefore defined a canonical homomorphism 

which one might refer to as the mth S -reciprocity map for the extension E/F, as local 
reciprocity maps can be constructed in an analogous fashion from norm residue symbols. 
(Note that we need not pass through the subgroup T or assume that F contains fipm. in 
our construction, but we do so for comparison with the cup product pairing.) 
Let Ue/f = n Ne/fE^ . We have a p-group 

E/F — '^m,E/F{^E/F)i 

and we remark that 

'^m,E / F m,E/Fi 

where Am,E/F is defined to be the image of the norm map Ne/f- Ae,s Af,s/p"^- (We 
can take Am,E/F here instead of H'^{Gf,s, fJ^p"^), or even Ap^s/v^i by the fact that global 
norms are local norms everywhere and |McSt Theorem 2.4]. Note that {Af,s / P^) / -^m^E / f 
is canonically isomorphic to a quotient of Q.) The following is immediate from the 
definition of '^rn,E/F- 

Lemma 4.1. Let h G Ue/f- For N > and for G Q and a-j G Am,E/F with 1 < i < N , 
we have 

N 

'^m,E/F{b) = ^((Ti - 1) O tti 
i=l 

if and only if 

N 

{a, b)m,F = ^ai0 ga, (a) 

i=l 

for all a G T, where, for a E Q, we have used to denote the image of a under the 
map in (14.31) . 

Let Vm^E/F be the kernel of Ae,s ^f.sIv^ ■ We define 

Qm,E/F = IqAe,s/IqT^ m,E/F) 

which is a quotient of IqAe,s/ (p™ + Iq)IqAe,s- 
Theorem 4.2. There is a canonical isomorphism 

{Iq/Iq ® Am,E/F)/Vm,E/F ^ Q m,E/F ■ 
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Proof. We have a natural map 

/: Iq/I^ ® Ae,s/IqAe,s ^ IqAe,s/{p"' + Iq)IqAe,s 

with 

f{{a - 1) ® 21) = (a - l)2t (mod (p'" + Iq)IqAe,s). 

for (J G Q and 21 G ^4^: 5 with image 2t in Ae,s/IqAe,s- This descends to a homomor- 
phism 

We must show that h has kernel Vm,E/F- 

Let J^j^s denote the S'^j-ideal group of E. Let h G Ue/f, and write 6 = Ne/fU for 
some y G -E^. The ideal of Oe,s generated by y may be written in the form 

t 

yOE,s = n 2^1"^' 

i=l 

with t > 0, 2ti G J£;,5, and (Xj G Q. For a G T, let = -F(a), where a^" = a. The norm 
of y to Ea generates 

t 

X{{Ne/eM'-'''^''-- 

i=l 

Then |McS[ Theorem 2.4] implies that 

t 

(a, = J2 Neif% ® 9a, (a) (4.4) 

i=l 

(see also |Sh2| Theorem 4.3]). By Lemma Wl] we conclude that /i(^'m,£;/F(&)) is equal 
to the image of 

TV 

5^(fr^ - 1)21. 

1=1 

in Qm,E/F, which is by the principality of y. Thus, Vm,E/F is contained in the kernel 
of h. 

On the other hand, if 

N 

Y^icr^ - 1)21, 

i=l 

has trivial image in Qm,E/F, then there exist 53-,- G Je,s and G Q for some 1 < j < M 
and M > with Ne/f'^j having trivial class in Ae^s/p"^ and such that 

N M 

i=i j=i 
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is principal. Let y E E'^ be a generator of and set h = Ne/fU E £f- As before, fl4.4l) 
holds for any a G T. Again by Lemma [4. 11 we conclude that 

N 

^m,E/F{h) = Y^{ai-l)® Ne/f%. 

i=l 

Hence, the kernel of h equals Vm,E/F- n 

We pass to the infinite level. Now let F be any number field and S = Sf cl set of 
primes containing those above p and any real places. Let = -F(/Xpn) for all n > 1, and 
let K = F{fipoo). Let Bm,K denote the direct limit of the Bm,K„- The pairings ( ■ , ■ )m,Kn 
for fixed m and increasing n induce, via the usual compatibility of cup products under 
corestriction, pairings in the limit 

B^,K X \unSKjS£ ^ hm H\Gk^,s, f^^^), 

n n 

with the inverse limits being taken with respect to norm and corestriction maps, respec- 
tively. Let 

nK = \i^H\GK,.^s,^p{l)), (4.5) 

with the inverse limit taken with respect to corestriction maps. Taking the inverse limit 
over m, we obtain a pairing 

where Bk denotes the inverse limit of the Bra,K (which contains the p-completion of the 
p-units in K) and 

Uk = lim {K^ ® Zp) = lim {Sk^ ® Zp) = \imSKjS£, 

m,n 

the inverse limits over n being taken with respect to norm maps. Note that Uk is simply 
the group of universal norms of p-units, independent of S, as all primes not over p in K 
have infinite decomposition groups but trivial inertia groups over F. 

Let L be the Kummer extension of K defined by all p-power roots of a pro-p subgroup 
T of Bk, which is defined even though Bk is only contained in the p-completion of . 
We remark that G = Gal^L/K) is necessarily Zp-torsion free. Since 

Hom(T,7^^(l)) = G®z, Hk, 

we have a natural map 

^L/K : Ig/II Uk (4.6) 
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induced by 

& 1-^ (a H- * (a, b)K) 

for b G Uk and a G T. We call \l'L/_ft' the ^-reciprocity map for L/K, and we remark 
that it satisfies the obvious analogue of Lemma [4.11 For each > 1, we may choose a 
positive integer m„ and an abelian extension Ln/Kn with (Z/p'""Z)-free Galois group 
such that Ln C L^+i and L = UL„. Then one sees easily that 

for b = (bn) G Uk- 
Let 

Kl/k = {b = {bn) e Uk I ha e {£k,. n Nl^/j,^L:;)/££ for all n) 

be the group of universal norm sequences in K from the extension L/K (again indepen- 
dent of S containing the primes above p). Recall that Yl denotes the Galois group of 
the maximal unramified abelian pro-p extension of L in which all primes above p split 
completely. Let Yl/k denote the image of the restriction map Y^ —> Y^, and let T>l/k 
be its kernel. We remark that all primes not over p must split completely in Yk, so Yk 
is in fact the inverse limit of the Ak„,s- Furthermore, the image oib eUl/k under '^l/k 
lies in Ig/Ig ^l/k and is independent of S containing the primes above p and the 
ramified primes in L/K. Set Vl/k = l/k(Ul/k)- We define the following quotient of 
IgYl/PgYl: 

Ql/k = IgYl/IgVl/k. 

The following is verified from Theorem 14.21 by taking inverse limits (and by the above 
remarks, is independent of our choice of S). 

Theorem 4.3. There is a canonical isomorphism 

{Ig/Ig Yl/k)/Vl/k ^ Ql/k 

of Tip-modules. 

We end this section with the following remark. 

Remark. Suppose that L is Galois over some subfield Fq of F, and set F = Gal(-ft'/Fo). 
Then the isomorphism in Theorem 14.31 is an isomorphism of Zp[[F]]-modules. 

5 Cup products with p 

In this section, we combine our results on the Galois representation of Ohta with the cup 
product construction of the previous section. We return to the setting of Section [31 In 
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particular, we take p > 5, we let F be the extension of Q(/ip) cut out by a nontrivial even 
character 9 satisfying Hypotheses [T] and [21 we let K denote the cyclotomic Zp-extension 
of F, and we let L be the fixed field of the kernel of c on Gk- 

We prove in this section that the map given by taking cup products with p at the 
level of K is surjective if and only if f/p — 1 generates the Eisenstein ideal. We describe 
the computational verification of this generation in the case that = 1 and p < 1000. 
This proves Conjecture [TTT] for these p. Not directly used in this proof but quite striking 
on its own, we demonstrate in Theorem 15.21 an identification between ?7p — 1 in the 
Eisenstein ideal 1 modulo its square and the image modulo F = Gal(K/Q)-coinvariants 
of a universal norm in K with norm in Q under the S*- reciprocity map \E'j^/x of fl4.6p . 
(Here, we have let Se consist of the primes above p and any real places for any E/Q.) 

The following is a corollary of Theorem 14.31 

Corollary 5.1. There is a canonical isomorphism of Zp[[r]]-modules 

Proof. Note that Yl/k = Yk, as L/K is totally ramified at p by Lemma [3.31 Further- 
more, by Lemma [331 we have {'Dl/k/IgYl)'''^^ = 0, which implies that 

(iG-DL/K/lhYLY'^ = 0, 

since G = G^^^ ^\ The result then follows from Theorem 14. 3[ □ 

Let 1 — C = (1 — Cp") ^ for C = (Cp") a generator of the Tate module of /Xpoo. Note 
that 1 — C has norm in Q. Let f) and X be as before. We remark that Theorem 

13.51 and its proof set up canonical isomorphisms 

using in particular (13. 6p . Lemma [A. 3 1 and Lemma [331 in obtaining the first isomorphism. 
Theorem 5.2. Under the canonical isomorphism 

{Ig/II YK)t = I /I' 
the image of'^i/xil — C) identified with [F : Q(/ip)](l — Up). 

Proof. Let Kn = F{fipn), and for each n > 1, let C L be an abelian extension of Kn 
such that GaA^Ln/Kn) is (Z/p'^"Z)-free for some nin > 1, with L„ C Ln+i and L = UL„. 
Let h = {hn) & Ul/K) and write 

bn = NL„/K„yn [mod S^£" ) 
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for some ?/„ G for each n> 1. Let Jl^ denote the ideal group of L„ (which contains 
JLn,s as a direct summand), and write 

i=l 

for some t„ > 0, G Jl„,s and crj^„ G Gal(L„/i^n) with 1 < « < t^, and 53„ in the 
subgroup of Jl„ generated by the primes in Sl^,- We then have (by [McSl Theorem 2.4] 
and Lemma 14.11) 



^m„,L„/i^„(&n) = ^{(yi.n - 1) ® A^L„/i^„2li,„ 



i=l 

Let Qi/Kip) denote the image of '^i/Kip) in {IgXl/ Ig^l)y- As the image of '^i/Kip) 
ra- 



in {IgYi/IqYi)^. is trivial by Corollary 15.11 we have that Qi/K^b) = t>[*P], where 
denotes the image of any chosen prime ^ of L above p in {IgXl/ IqXl)^ and f G Zp 
denotes the sum of the valuations of h at primes above p in K. In other words, Qi/Kib) 
is the image in this group of the — rtith power of a geometric Frobenius $p in Dp, where 
r is the residue degree of p in F/Q. 

Since {Vl/k)y surjects onto the span of f/p — 1 in X/X^ by Theorem 13.61 and Corollary 
15.11 there exists b E Ul/k with d{QL/K{b)) — 1 = f/p — 1. Choosing such a 6, we have 
—rv = 1, as rf($p) = Up (again by |04t Theorem 3.4.2]). Let e denote the natural 
projection Uk ■ We remark that U^^ is free of rank 1 over Zp[[r]], generated by 

e(l — C)- Since v = —r~^ has trivial valuation at p, the element e{b) also generates W]^"* 
as a Zp[[r]]-module. In particular, we have U^^^ = l^^^Jj^- (It is also possible to see this 
using cohomological methods.) Since the sum of the valuations of 1 — C at primes above 
p in i^T is equal to the number g of such primes, we have 

Qi/Kil -0 = eL/x(e(l - 0) = m' = <S>L/Kib)-'' = QL/Kibp^--'^^''-^^. 

The result follows. □ 

We require a few lemmas. First, we employ Poitou-Tate duality to verify the following 
reflection principle. Set Up = £f ® Zp. 

Lemma 5.3. We have A^p^ ■* = 0, and u'p ^ ■* is free of rank 1 over O. 

Proof. By Lemma |3.H we have that ■* = (or see [Ll Theorem 1.3.1]). On the 

other hand, the (6'cij~^)-eigenspace of 'Qrs{F)[p\ is trivial by Hypothesis [T]d. Hence, (14.21) 
implies that the (^^ti;~^)-eigenspace of H'^{Gp^s, fJ'p) is trivial. Since 
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for any i > 0, the fact that the Euler characteristic of the latter cohomology groups is 
one imphes that the (6'ciJ~^)-eigenspace of H^{Gf,Si l^p) is trivial as well. By Poitou-Tate 
duality, this implies that the kernel of 

if2(G^,^,/.,)(-^^-^)-Br5(F)[p](-^^-^) 

is trivial. As this kernel is the (c(j^6'~^)-eigenspace of Ap^s/Pi "we have the first statement. 

Now, consider the (c<j^6'~^)-eigenspace of H^{Gf^, fJ-p)- In fact, it follows from 

a result of C. Greither (see ^Shlt Corollary 2.2]) that under Hypotheses [T)d and c, this 
eigenspace is a one-dimensional vector space over O/pO. Again applying Poitou-Tate 
duality, the trivialities demonstrated above and (14.1 p imply that 

finishing the proof. □ 

We also have the following. 

Lemma 5.4. Every element ofU^p ^ ^ is a universal norm from K. 

Proof. Let Uk/f denote the subgroup of Up of elements which are universal norms from 
K. By |Sh3l Corollary A. 2], we have an exact sequence 

^ r ^ Uf/Uk/f ^ ker( ^ F) {Yk)v -> Af^s ^ (5.1) 

v&Sk 

(which in this case results from [Sll Theorem 6.5]). By Lemma 15.31 we have that 
A^fg~'^ = 0. Next, note that 

vGSk 

by Hypothesis [ifc. Then, (EH) implies that (Yk)'^^'^''^ = 0, so Y^'^'''"'^ = by 
Nakayama's Lemma. Applying (15. ip one more time, we see that Uf'-'^ = U^f;i'\ 
as desired. □ 

For q > 2 even, let i)q{N; O) denote the ordinary cuspidal Hecke algebra over O of 
level Np, weight g, and character 6uj~'^. Let 1q{N\ O) denote the Eisenstein ideal in 
^q{N] O), which is generated by f/p — 1 and T; — 1 — 6{l)K{iyi^^ for primes I ^ p. Let 
[)g denote the localization of ^q{N] O) at the unique maximal ideal containing Tq{N; O), 
and let Xq denote the resulting Eisenstein ideal in Let 

Pq = [l+p]-{l+py eAi,. 

Then i)q ^ i)/Pqi) [H2', Corollary 3.2]. 
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Lemma 5.5. We have Xg = X/PgX. 

Proof. We have Xg = X/(Pgf) n J), and we claim that Pgi) n X = PgX. To see this, it 
suffices to show that Pg does not divide the characteristic ideal of the principal A(,-module 
i)/X, which we know to be generated by a power series gg with gg{{l+pY—l) = Lp{9, l—s) 
for s G Zp. Since g is a positive even integer, the argument of Lemma [3.21 goes through 
(with C(-l) replaced by 0(1 - q)). □ 

By Lemma [331 we may identify the (cj^~^)-eigenspaces of Xk and Yk, as well as of 
Ap and Ap^s- Similarly, the (ci;6'~^)-eigenspace of Hk, with Hk as in (14.51) . is simply 
^l'^^''^ by Hypothesis [T)d. We are now ready to prove the following theorem on the 
surjectivity of pairing with p under the cup product. 

Theorem 5.6. The following are equivalent: 

a. {pM'f'~'^=Xr\ll 

b. {p,Sp/S^p)fp'~'^ = A^^'"^^fi„ 

c. Up — 1 generates the ideal X o/f), 

d. Up — 1 generates the ideal Xg o/fig. 

Proof. We first consider the equivalence of conditions a and b. It follows from Lemma 
15.41 that the image of {p,Uk)k ^ under the natural quotient map 

equals {p, £p/£p)f^p^ (using p also to denote its image in £p/£p). Since this map is 
given by taking the quotient modulo the action of the maximal ideal of A (again using 
Hypothesis [Tfc as in Lemma l5.4p . Nakayama's Lemma implies that parts a and b are 
equivalent. 

Let m denote the maximal ideal of f) containing X. By Lemma 15.51 and Nakayama's 
Lemma, conditions c and d are both equivalent to the image of Up — 1 generating X/xnX 
as an (9-module. We prove that this latter condition is equivalent to part b in a series 
of steps. 

Let Q be the quotient of G modulo the A-submodule determined by the maximal 
ideal of A. Let E be the subextension oi L/F with Q = Ga\{E/F). It follows from 
the principality of G as a A- module that Q has dimension 1 over O/pO. By Lemma 
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15.31 E is defined by {Sp /SpY'^^^ as a Kummer extension. Let 77 be a generator of 
{Sf/SpY^''^~'^ as an O-module. Tlien 

and botli groups are necessarily generated by {p, ?7)i,f as an O-module. Tliat is, condition 
b is equivalent to tlie statement tliat A^p^ is generated by {p, ?7)i,f as an O-module. 

Lemma IA.3I and tlie isomorpliism fl3.7l) in tlie proof of Theorem 13.51 yield isomor- 
phisms 

(/q//J ® Af/pY'^ = Iq/II ®o Af^lp ^ C/mC ®o B/mB ^ I /ml (5.2) 

in the quotient. Since Iq/Iq is a one-dimensional C/pC-vector space, this sets up a 
noncanonical isomorphism of (9-modules 

A^f'^ ® /ip = I /ml. (5.3) 

If X/mX has O/pO-dimension greater than 1, then the image of f/p — 1 cannot generate 
X/mX, nor can (p, rfji^p generate A^p^ ■'®/ip. We may therefore assume that both O jpO- 
vector spaces in (15. 3p are one-dimensional. We are reduced to proving that {p-,'ri)\^p is 
nonzero if and only if the image of f/p — 1 in I /ml is nonzero. 
By Theorems 14.31 and 13. 6[ we have that 

where V is the Zp-module generated by f/p — 1. By definition, Vp^ip contains the image of 
(VL/K)t in {Iq I Iq®^f I pY'^^ ■ In the proof of Theorem 1 5. 2 1 it was shown that w]^'* = l^^/j^, 
and hence the element p in F is a universal norm from L. Therefore, Vpjp is in fact 
equal to the image of {Vi/Kjf- It follows that we have an isomorphism in the quotient 

(/g//J ® Aplpf^/V'^^]p = X/(V + mX). (5.4) 

Now, {p,f])i,F is nontrivial if and only if Vpjp is nontrivial as well. By (15.21) and (15. 4p . 
the latter nontriviality occurs if and only if the image of f/p — 1 in X/mX is nonzero. □ 

We now focus on the case that = 1, so F = Q(/ip), K = Q(/ip°o), and 6 = uo^ for 
some positive even integer k < p with p \ and p \ Bp^i^^. In general, we call {p, k) 
an irregular pair if is a positive even integer such that k < p and p \ Bk- 

The following was proven using a program we wrote for the computational alge- 
bra package Magma. In particular, we used its built-in routines for modular symbols 
(programmed by W. Stein). 
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Theorem 5.7. For all irregular pairs {p, k) with p < 1000, the element Up — 1 generates 

Sketch of Proof. It suffices to show that Up — 1 generates the abelian group X2/2I. We 
did this by computation as follows. Let 7^2 denote the full cuspidal Hecke algebra over 
Z of weight 2, level p, and character cu'^"^. We computed the Hecke operators Up and 
Tj in ?-^2 for all i with 1 < i < + l)/6 as elements of Mrf(Z[^]) for an appropriate 
d and a fixed primitive {p — l)st root of unity ^, which act on the space of cuspidal 
modular symbols with respect to a fixed choice of basis. These Tj generate 7^2 as a 
Z-sub module (for the case of Tq{p), see |ASj . where the result is derived from a result of 
J. Sturm; the case of Ti{p) and arbitrary character follows similarly from [StI, Corollary 
9.20]). We then considered the images Tj and Up of these matrices in Md(Z/p^Z), via 
the appropriate choice of embedding of Z[^] in Zp followed by reduction. 

Let M denote the subgroup of Md{Z/p'^Z) spanned by the Tj. We checked that pM 
has p-rank d, the rank of 7^2 as a Z-module. We then computed the minimal integer 

such that the Tj with 1 < i < N generate M as a Z/p^Z-module. Then p and the 
Tj — J2o<e\i^i^)''~'^^ with 1 < i < N generate T2 over Zp, provided that 

(7^2 ® Zp)/J2 = f)2/X2 = Zp/52,^fe-2 

is of order p, which we checked. We computed the images / and J of X2 and X|, respec- 
tively, in M using these elements and their products. We verified that I is generated by 
J and Up — 1. Since X| contains p^f)2, this suffices to prove that X2 is generated by X| 
and Up — 1. □ 

We remark that for all irregular pairs {p, k) with p < 1000, we have p | i?p+i_fc- The 
following are then direct consequences of Theorems 15.61 and 15.71 

Corollary 5.8. For all irregular primes p with p < 1000, we have the equality 

{pMk)k = Xk{1). 

Corollary 5.9. For all p < 1000, the pairing ( ■ , ■ )i^f is surjective, and {p, 1 — Cp)i,f 
generates its image as a Zp[A]-module. 

Thus, we have proven Theorem 11.21 of the introduction. Furthermore, (■, ■ is 
given in each eigenspace, up to a scalar which is nonzero modulo p, by the formula 
that can now be found at www.niath.mcmaster.ca/~sharifi (see jMcSl Theorem 5.1]). 
This computation has numerous interesting corollaries, in particular to the structure of 
unramified pro-p Galois groups and to products in the i^'-theory of cyclotomic integer 
rings (including Z), which we intend to discuss in later work. For now, we refer the 
reader to |McS] for the details of some of these applications and elaborate on just one. 
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The surjectivity of the cup product for p = 691, which divides B12, imphes a conjec- 
ture of Ihara's on the existence of a particular relation in the 12th graded piece of Ihara's 
Zggi-Lie algebra arising from the outer Galois action on the pro-691 fundamental group 
7j-[69i] ofP^ — {0,1,cxd}. We describe this conjecture briefly and refer the reader to [I] 
for more details. Specifically, if n^^^i) denotes the ith. term in the lower central series of 
7r^p\ one may consider the filtration of Gq by the kernels F^Gq of the homomorphisms 
Gq — i> Out(7r[^l/^^^(^ + 1)) induced by the outer action of Gq on The direct sum 

00 

0P = F^Gd/F^+'Ga 
1=1 

forms a graded Zp-Lie algebra with commutator induced from that of Gq. Ihara showed 
that the Lie algebra Qp contains nontrivial elements cTj G gr*0p for odd i > 3. P. Deligne 
conjectured that the graded Qp-Lie algebra Qp ®Zp Qp is freely generated by the cTj. On 
the other hand, Ihara conjectured a specific relation in 0691^ 

2[(T3,a9] - 27[a5,(T7] G egigri^gggi. 

This is an immediate corollary of Corollary 15.91 for p = 691 and |McS[ Theorem 9.11]. 
The point is that this relation is the image of a relation in the Galois group of the 
maximal pro-691 unramified outside 691 extension of Q(/i69i) in which the powers of the 
commutators appearing in the relation are determined by values of the cup product on 
cyclotomic 691-units. 

6 Selmer groups 

In this section, we give one special example of the use of Theorem 13. 5l in the computation 
of Selmer groups. That is, we consider Greenberg's Selmer group attached to Ohta's 
Galois module X introduced in Section [2J We consider only the lattice X in the tensor 
product of X with the quotient field of the cuspidal Hecke algebra f), and we do not 
introduce any cyclotomic twist. (Another particularly nice choice is the lattice X"'"©XX~ 
twisted by the inverse of det p.) 

Set W = X <^t) Homzp(f)/X, Qp/Zp). This is isomorphic as a Hecke module to the 
Pontryagin dual of X/TX, while its Galois action is induced by that on X. Recall our 
fixed decomposition and inertia groups Dp and Jp, respectively, at p in Gq. We will 
compute the Selmer group 

Sel(Q, W) = keT{H\Gct,s, W) ^ H\lp, W)) 

and the strict Selmer group 

Sel5(Q, W) = ker(ifi(GQ,5, W) ^ H\Dp, W)). 
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Such Selmer groups are defined and discussed in detail in \U]. (In general, it is necessary 
to take a quotient of by a Dp-submodule in the local Selmer groups, but here that 
submodule is trivial as the Hodge- Tate weights specialize to and 1 — in weight k.) 

We continue with the notation and hypotheses of the previous sections. The decom- 
position of X as X"*" © X~ yields a decomposition of W into plus and minus parts which 
are (f)/X)-modules. Note that Gq acts by (pc of fl3.1l) on W. In other words, W fits in 
an exact sequence 

o^w+ -^W ^ W/W+ 

of Galois modules, where W+ is fixed by Gq and W/W+ = {W/W+Y'^^''\ We have 
Selmer groups for and W/W^ defined analogously to those of W . 
We prove our result through a series of lemmas. 

Lemma 6.1. The Selmer group Sel(Q, H^^) is trivial. 

Proof. We have an exact sequence 

^ H\f, W^) ^ H\Gc,,s, W^) ^ Hom^(Z^, W+) 

(where Zk is the Galois group of the maximal abelian pro-p unramified outside p ex- 
tension of K), and the rightmost group is trivial since has a trivial F-action. On 
the other hand, the facts that p f [F : Q] and K/ F is totally ramified at primes above 
p imply that H^it, W^) has trivial intersection with Sel(Q, W^), which must then be 
0. □ 

Lemma 6.2. The natural map 

Sel(Q,iy) ^ Sel(Q,W/iy+) 

is an isomorphism. 

Proof. We remark that H\Gq,s, W+) is trivial since W+ is fixed by f. As H^Gq^s, W-^) 
is p-power torsion and Gq s has p-cohomological dimension 2, this follows from the triv- 
iality of 

ff^(GQ,5,Z/pZ) = (AQ(,^)/p)H=o. 
Noting also that (VT/iy^)*^"'^-' = 0, we have a commutative diagram 

H\Gq,s, W^) H\Gq,s, W) H\Gci,s, W/W+) 

H\I„ W+) H\Ip, W) H\Ip, W/W+). 
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In fact, (f) factors through H^{Dp, W^), and hence its image is contained in the Dp/ Ip- 
invariant part of H^{Ip, W'^). Let 0' denote the map to this group induced by 0. By 
the Snake Lemma and Lemma 16.11 we obtain an exact sequence 

Sel(Q, W) Sel(Q, W/W-^) coker 0'. 

We remark that 

which shows that 0' is surjective. □ 

Lemma 6.3. There is a canonical isomorphism of Zp-modules 

Sel(Q, W/W+) ^ Hom[,(J/j2, W+), 

which is given by lifting to H^^Gq^s, followed by restriction to Ghl,s- The resulting 
homomorphism has image in and factors through {IgXl/ IqXl)^. = X/X^, the latter 
isomorphism being as in Theorem \3.5[ 

Proof. Since {W/W^)^^^ = 0, we have an isomorphism 

H\Gci,s, WjW^) ^ H\Gk,s, W/W^f. 

Hence, we have 

Sel(Q, = Hom;^(Xi^, W/W+). 

Eigenspace considerations force an isomorphism 

Hom^(X^, W/W^^) ^ HomA(xi^^"'\ W/W+). 

The latter group is computable by Theorem l2.lt 

RomA{xi^^~'\ W/W+) ^ Hom^(S/XE, W-). 

Since G/XG is free of rank 1 over P)/X, we have that 

Hom(,(5/X5, W-) = Homf,(5/X5 O,, G/IG, Of, G/IG). (6.1) 

Since G = Endt,(X^,X^) = f), we have a canonical isomorphism 

W- ®f, G/IG = W+. 

This and the fact that B/IB ®^ G/IG =1/1"^ now imply the existence of the desired 
isomorphism. 
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Let us show that this isomorphism agrees with its description in the statement of 
this theorem. That is, take a cocycle / with class in Se\{Q, W/W~^), and let / be a 
cocycle with class in H^{Gq^s, W) lifting that of /. Then the restriction flcx s ^^^^^ 
homomorphism /|gk s- Furthermore, flcnL s is a homomorphism with image in W~^. Let 
E denote the fixed field of the kernel of /|ghl 5' so that /Ighl s factors through a map g 
on Ga\{E/HL). Since no A-invariant homomorphisms Gk,s ~^ Z/pZ exist, Gal{E/HL) 
is contained in the commutator subgroup of Gal{E/K). As Gl,s acts trivially on W, 
we have 

/([a,r]) = (a - l)/(r) = c(a)/(r) G W+ . 

for cr G Gk,s and r G Gl,5- Therefore, the map which takes f to g is, by the identifi- 
cations in Theorem 13.51 both the isomorphism in (16. ip and given by the description in 
the statement of the lemma. □ 

Lemmas 16.21 and 16.31 yield the following as an immediate corollary. 

Theorem 6.4. There is a canonical isomorphism of Zp-modules 

Sel(Q, W) ^ Hom^(J/j2, W+). 

As for the strict Selmer group, we obtain the following. Recall that V denotes the 
Zp- module generated by f/p — 1. 

Theorem 6.5. There is a canonical isomorphism of Zp-modules 

Sels(Q,lV) ^Homf,(X/(V + J2),W^+). 

Proof. Let i) denote the homomorphism 

^■.H\Gci,s,W+)-.H\Dp,W-^). 

Again, Sel5(Q, W~^) = 0, and as in the proof of Theorem 16.41 we obtain an exact 
sequence 

^ Sel5(Q, ^ Se[s{Q,W/W+) ^ coker^. 

Note that Se\s{Q,W/W+) ^ Se\{Q,W/W+), as Y^^^^''^ = X^^^~'\ Since Dp acts 
trivially on W'^, we have 

H\Dp, W+) = H\t, W"-) © H\Dp/Ip, W+), 

and the cokernel of is canonically isomorphic to H^{Dp/Ip, W^). 
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By Lemma 16.31 and the Snake Lemma, S induces a map 



Homt,(J/X2, W^) ^ H\D,/I„ W^), 

which is given by identifying X/X^ and {IgX^/ IqXl)^ as in Theorem I3.5[ restricting to 
the image of Dp fl Gl^s in this group, which is isomorphic to a quotient of Dp/ Ip, and 
finally inflating. By Theorem 13.61 the kernel of this map is canonically isomorphic to 
Hom(,(X/(V + X2), W+), as desired. □ 

Let 233 = X (8>(j Homzp(P), Qp/Zp). We obtain as a corollary the following small piece 
of a "main conjecture" for an Eisenstein component of the Hida representation, which 
should be a direct analogue of [Gl Conjecture 2.2]. Note that Up — 1 occurs as a factor 
in the two-variable p-adic L-function of Mazur and K. Kitagawa at the trivial character 
(see |Ki[ Theorem 4.8], for instance). 

Proposition 6.6. //X/X^ is generated as a Zp-module by Up — 1, then Sel5(Q,2n) = 0. 
Proof. Since X is a principal ideal of P) generated by f/p — 1, we have an exact sequence 

Since the image of c|/p generates f) and d\ip is trivial, we have QU*^'^'^ C 211+ and C 
233"'". Since d has image Up on the inverse of a Frobenius at p in Dp and f/p — 1 generates 
X, we have furthermore that 233'^'^"5 and 233'^*' are contained in W~^. Finally, since the 
images of b and d — 1 are contained in X, we have equality, i.e., 

A diagram chase then provides an exact sequence of Selmer groups 
Sels(Q, W) ^ Sels(Q, 233) Sel^lQ, 20). 

By Theorem 16. 5^ Sel5'(Q, W) = 0, and the result follows from Nakayama's Lemma 
applied to the finitely generated [^-module Homzj,(Sel5(Q, 233), Qp/Zp). □ 



A Eigenspaces 



In this appendix, we prove a decomposition result (Proposition IA.2P for the structure of 



eigenspaces of tensor products of Zp [A] -modules. We use only its consequence (Lemma 
IA.3P for trivial eigenspaces in this article, but the general result would be useful should 
one wish to consider more general eigenspaces. 
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Let A be a finite abelian group of order prime to p. Let A* denote tlie group of Qp- 
valued characters on A. Given a character G A*, we let denote the unramified ex- 
tension of Zp generated by the values of ip. We denote the set of Gal(Qp/Qp)-conjugacy 
classes of characters in A* by S, and we denote the conjugacy class of ip by We 
have a ring decomposition (see |MWl Section 1.3]) 

zp[A] = n R^- 

In particular, the surjection Zp[A] induced by ip is split. 

If A is Zp[A]-module, then we let 

A^'^) = A (^ZpiA] Ri^ = {aeA R^\Sa = ilj{5)a for all 5 e A}, 

where the map Zp[A] R^ in the tensor product is the surjection induced by ip. We 
remark that A^^'^ inherits the structure of a R^ [A]-module. Again, we have a decompo- 
sition 

A = ^ ^W. (A.l) 
In particular A^'^^ and A^^^ are equal as subgroups and isomorphic as Zp[A]-submodules 

oi A a [^p] = [x]. _ 

Let 71 denote the subring of Qp generated by all character values of A over Zp. Let 
A'^ = A 7^, an 7^[A]-module. We set 

A^ = A-^ n^A ®z,[A] ^ = A^^^ 7^, 

where Zp[A] 71 and 7^[A] TZ are the maps induced by ip and R^ ^ 7^ is the 
natural inclusion. After extending scalars to 7Z, our decomposition takes the simpler 
form 

We wish to work with eigenspaces of tensor products. Let us begin by proving such 
a result after extension of scalars. 

Lemma A.l. Let tp E A* , and let A and B he Zp[A]-modules. Then 
Proof. Note that 

A B®z,7Z^ A^ ®n B'^. 
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Decomposing and B^, we have that 

®^ 5^ ^ ( A^) ®^ ( 5'^) ^ (A^ ®^ 



We now prove our decomposition result for eigenspaces of tensor products. 
Proposition A. 2. Let A and B he 7jp[/S\-modules, and let G A*. Let 

K = {(M' [^]) e s X s I 30 G [x] with ^9-' G m. 

Then we have a decomposition of Zp[A]-modules 

{A = 



□ 



Proof. Since and both decompose into eigenspaces as in (lA.ip . it suffices to show 
that 

= 

for e A* with ([x], ^ E^. Note that (A^)^ = for G A* unless G [x], in 
which case (A*^^^)^ = A^. Therefore, Lemma [A. II implies that 

which is trivial since ip9^^ ^ [ip] for all G [x]. □ 

We have the following result for the special case of the trivial eigenspace of the tensor 
product. 

Lemma A. 3. Let A and B he 'Lp[^-modules. Then 

®z, = ®z, B^^'"Y'^ = B^^''\ 

Proof. Note that = {([x], [x ""^l) I [x] ^ E}- The result then follows from Proposition 
IA.2I and the isomorphisms 

MW57,^ r(x-^)\(i) ~ A^^^ ^ ~4(x)^„ r(x-^) 

^ - (X(5)a®6-a®x(5)6|a,fe,5) ' 

(where a, 6, and 5 in the quotient run over elements of A^^\ B'^^ and A, respectively). 

□ 
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